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Functional Mixed Effect Model

I Objective : Regressing (Multi/Univariate) clustered
function responses on a set of scalar predictors

I Functional Mixed Effect Model (Guo, 2002)
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I We consider
F Hierarchical Spectral Analysis Prior
F Shape-restriction on Fixed effects
F DP Mixture of Ornstein-Uhlenbeck process
F Multivariate response observed on bivariate grid

Hierarchical Spectral Analysis Prior

I The hierarchical prior specification captures similarities
across groups while each having distinct profiles.
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F Exponentially decaying variance known as the
geometric smoother (Lenk, 1999)

F Estimation on groupwise profiles borrows strength
from the information on overall effect profile.

I The model captures the 3 layers of hierarchy :

Overall profile Qy.t/ D ��� vec. Q‚‚‚/

Groupwise profile yg.t/ D ���g vec.‚‚‚g/

Individual profile yi.t/ D ���i vec.‚‚‚g.i// C ZZZi vec.„„„i/

Shape-restricted Fixed effects

I The shape restriction yields the reliable inference that
matches with a priori domain knowledge or theory and
improves the model fit by regularization.

I Monotone shape constraint (Lenk and Choi, 2017) :
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I Extra constrained prior to resolve sign indeterminacy.
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DPMixture of Ornstein-Uhlenbeck process

I For temporal data, we consider Ornstein-Uhlenbeck
(OU) process to capture serial correlation.

I OU error process in SDE form :

deeei.tij/ D �Aeeei.tij/ C BdWWW.tij/
I Motivated from Quintana et al. (2017), we consider

Dirichlet process (DP) mixture of OU process for
specifying flexible serial error process.
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where ˛ be a dispersion parameter and G be a base
measure.

Cadmium Toxicity Data

I Purpose : Obtain dose-response relationship between
cadmium exposure and renal damage measured by
urinary cadmium concentration (Ucd) and
ˇ-microglobulin (ˇM) frommultiple studies.

I Partially linear varying coefficient mixed model

log.ˇ2Mij/ D Wij˛̨̨ g.i;j/ C X�
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whereWij 2 ¹; º be the male and female indicator of
the observation, and X�

ij 2 ¹º � ¹; º be the baseline
and ethnicity indicator.
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(a) Fixed effects
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(c) Caucasian effect
Figure: Fixed effects profile without restriction .M/
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(c) Caucasian effect
Figure: Fixed effects profile with restriction on baseline .M/

I Shape-restricted model is more preferred model.

Baseline M M
RMSE 0.70 0.72 0.69
LPML -273 -268 -248
WAIC 533 534 490

Table: Model selection criteria comparison

Study of Women’s health Across the Nation

I Purpose : Characterize the menopausal transition with
temporal trend of Follicle-stimulating hormone (FSH) of
women from different 2 age and 4 ethnic groups
.xi 2 ¹; º/ who went through Menopause.

I DFSH D Q���.t/; FSHij D x>
i ���.tij/ C �i.tij/ C ei.tij/
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Figure: Fitted result without shape restriction
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Figure: Fitted result with Increasing shape restriction

Sleeping Energy Expenditure Data

I Purpose : Identify the sleeping energy expenditure
(SEE) profiles of each people grouped by obesity.

I Monotone decreasing shape restricted model
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(a) Subject 37 – Non-obese group
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(b) Subject 86 – Obese group
Figure: Selected subjects from each obesity group

Multivariate model with Tensor product basis

I Rosen and Thompson (2009) considered multivariate
extension of Guo (2002). Let yyy be L-dim functions.
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I Let '; '; : : : be an orthonormal basis for L.Œ; �/.
Then, a function f observed on bivariate grid .b; b/ is
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I Applying KL expansion with respect to b; b,
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I Hierarchical Spectral Analysis Prior
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F Algebraic smoother (Lenk, 1999) on A
‚‚‚ allows the

overall effect function to retain more high-frequency
components compared to geometric smoothers.

Simulation

I Bivariate temporal functions observed on bivariate grid
I 2000 obs. from 100 subjects divided into 2 groups
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(a) Overall (b) Group 1 (c) Group 2
Figure: Fitted functions of the 1st dimension

(a) Overall (b) Group 1 (c) Group 2
Figure: Fitted functions of the 2nd dimension

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ �R

True -2 4 -5 3 -4 2 -3 5 2
Fitted -2.1 3.9 -5.2 3.1 -4.1 1.9 -3.0 5.1 1.66
SE (0.12) (0.13) (0.11) (0.11) (0.12) (0.12) (0.13) (0.11) (0.20)

Table: Posterior mean and s.e. of linear components and random effect

F DP Mixture identified the true cluster assignment
with 97% accuracy with MAP estimate.

Concluding Remarks

I Unifying multi-dimensional mixed effect model for
clustered functional & longitudinal data.

I Handling measurement error on smoothing variable.
F Bridging measurement error (ME) model on FDA as

an extension of ME model in classical regression.
F Application in meta-analysis, i.e., Cadmium Toxicity,

and temporal longitudinal data, i.e., SWAN data
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